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3 Computation and graphics

As an example we consider the non-relativistic and relativistic motion of a par-
ticle in a central field. This problem has partially been solved already in section
3 of UFT paper 384. We recapitulate the results and add some new calculations.
For a given scalar potential φ(r) and central gravitational field g(r) we compute
the spin connections ω and ω0 as well as the gravitational vector potential Q
and do some consistency checks. We used cartesian coordinates with radius
function

r =
√
X2 + Y 2 + Z2, (34)

the orbit was placed in the XY plane. The spin connections have been obtained
from comparing the gravitational field

g = −∇φ+ ωφ (35)

with the result from the relativistic and non-relativistic Lagrangian as described
in UFT 384. We used the non-relativistic scalar potential

φ = −MG

r
. (36)

The vector potential Q follows from the gravitomagnetic antisymmetry condi-
tions (13-15) in general. The spin connection is determined from the antisym-
metry condition of the gravitational field:

g = −∇φ+ ωφ = −∂Q

∂t
− ω0Q (37)

with ∂Q
∂t = 0. We also used the non-relativistic scalar spin connection

ω0 = − c
r

(38)
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to determine Q. After having obtained ω and Q, we checked the consistency of
the result by computing ω0 via the Lindstrom constraint (11):

ω0 =
c2

φ
(∇− ω) ·Q. (39)

The resulting formulas are listed in Table 1, as far as they are not too
complicated. For the non-relativistic case a consistent result follows for all
equations except the Lindstrom constraint. A dimensional factor of 3 could be
missing in Eq. (11). There is no gravitomagnetic field.

For both relativistic cases we kept at the non-relativistic Newtonian potential
(36). This approach follows the philosophy that relativistic effects are dynamic
effects of orbital motion. The gravitational field for forward and retrograde
precession follows from the Lagrangian and the vector spin connection has been
derived as described above. For determining the relativistic vector potential Q,
one has to solve the differential equations (13-15) numerically which is difficult
because they have to be solved on a path representing the orbit in space. We
used the non-relativistic formula for Q which gives a non-vanishing gravitomag-
netic field Ω in both relativistic cases. For forward precession, the gravitational
field is not curl-free, as is the vector potential. This may be interpreted like
the Lense-Thirring effect of general relativity, there is a vortex in the gravita-
tional field. For retrograde precession, there is no such effect. However there
is a spacetime contribution ω ×Q in the gravitomagnetic field which has been
graphed below. Due to the approximations in φ and Q, the Lindstrom con-
straint (last line of Table 1), resolved for ω0, deviates from the non-relativistic
form for both relativistic cases. It can be seen that, for retrograde precession,
ω0 takes the non-relativistic value for γ → 1, without a factor of 3.

For a graphical analysis we solved the equation of an elliptic orbit numerically
in the Newtonian limit. Then we inserted the orbital and velocity coordinates
X(t), Y (t), Ẋ(t), Ẏ (t) into the above equations. The results have been graphed
on the orbital line as described in UFT 384. Although the formulas of the spin
connection look quite different for forward and retrograde precession, the graphs
for ω are identical within precision of graphical representation. They have been
plotted in Fig. 1, for details see UFT 384. We selected an ultra-relativistic case
with up to γ = 27.

To present the difference between forward and retrograde precession, we
graphed the difference between both spin connections, ω(forward)−ω(retrograde),
in Fig. 2. It can be seen that the spin connection for forward precession is some-
what larger at the periastron (left hand side) where velocity is very high. Finally
we graphed the gravitomagnetic field of retrograde precession in Fig. 3. This
vanishes for Z = 0, therefore we used a plane slightly above Z = 0. The field
qualitatively equals the spin connection in the apastron region but is asymmet-
ric near to the periastron, revealing a rotational structure in direction of the
precession.
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non-rel. forward precession retrograde precession

φ −MG
r −MG

r −MG
r

g −MG r
r3

MG
γr3

(
ṙ(ṙ·r)
c2 − r

)
−MG

γ3
r
r3

Q − rcg − rcg − rcg

ω −2 r
r2

1
γc2(X2+Y 2)

−c2(γ − 1)X − ẊẎ Y −XẊ2

−c2(γ − 1)Y − ẊẎ X − Y Ẏ 2

0

 γ3−1
γ3(X2+Y 2)

−X−Y
0


ω0 − c

r − c
r − c

r

∇× g 0 6= 0 0

∇×Q 0 6= 0 0

ω ×Q 0 6= 0 GM(γ3−1)
cr2γ6(X2+Y 2)

−Y ZXZ
0


Ω 0 6= 0 GM(γ3−1)

cr2γ6(X2+Y 2)

 Y Z
−XZ

0


ω0

(Lindstrom) − 3c
r 6= 0 − c(2γ

3−1)
γ6r

Table 1: Orbital and vacuum quantities for non-relativistic and relativistic or-
bits.
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Figure 1: Path and vector spin connection ω of a relativistic 2D orbit (graphi-
cally identical for forward and retrograde precession).

Figure 2: Path and difference of vector spin connections ω(forward) −
ω(retrograde).
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Figure 3: Gravitomagnetic field Ω for retrograde precession, Z = 0.1.
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