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3 Numerical analysis and graphics

3.1 Compatibility conditions

The electric field of a “real” dipole consisting of charges q1 and q2, placed at
positions ±X0 on the X axis was already graphed in UFT 336 and UFT 346.
Here we use the “mathematical” dipole field that follows from two infinitesimally
displaced charges:

E =
3n(p · n)− p

4πε0r3
(41)

with p being the dipole moment and n the unit vector of the position vector
r with modulus r. We assume that the dipole moment (with modulos p) is
directed in the Z direction. Then the electric dipole field reads

Ecart =
p

4πε0 r5

 3XZ
3Y Z

2Z2 −X2 − Y 2

 (42)

or

Esph =
p

4πε0 r3

2 cos(θ)
sin(θ)

0

 , (43)

for cartesian components or spherical coordinates (r, θ, φ), respectively.
The first step in solving the antisymmetry problem is finding out, which

scalar spin connection ω0 fulfills the condition

∇×E = 0 (44)

which by the electric antisymmetry condition can be written:

∇× (ω0A) = 0 (45)
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or

ω0∇×A + A×∇ω0 = 0. (46)

In case of the constant vacuum spin connection (11),

ω0 =
mc2

2π~
, (47)

this condition is fulfilled for the dipole field because of

∇×A = − 1

ω0
∇×E = 0. (48)

If ω0 is assumed to have the form as for a point charge,

ω0 = − c
r
, (49)

then Eq. (46) leads to the compatibility equation (in spherical coordinates):

p sin (θ)

4πc ε0r3
= 0, (50)

which cannot be fulfilled for any dipole moment p 6= 0. However using

ω0 = − c
r

cos(θ) (51)

fulfills condition (46). Therefore this is a valid scalar spin connection. The
expression is similar to the scalar dipole potential

φ =
p cos (θ)

4πε0r2
, (52)

giving evidence that a factor of cos(θ) delivers the right symmetry of ω0. In
cartesian coordinates, this spin connection is

ω0 = −cZ
r2
, (53)

i.e. it is an antisymmetric function in Z direction.
Having found two valid scalar spin connections, we compute the vector spin

connection by solving Eqs. (14-16) simultaneously by computer algebra. We use
cartesian coordinates. The results are presented in Table 1. Both spin connec-
tions give formally similar vector potentials, however with different symmetry
in Z direction. The second vector potential is not irrotational but this is not
required since condition (46) is fulfilled. Both spin connections produce a sec-
ondary magnetic field which is divergence-free as required. The last line of the
table presents a kind of current density according to

∇×B = µ0J. (54)

All fields have been graphed in Figs. 1-10 as denoted in Table 1. The dipole
field is strongest near to the origin, as can be seen from Fig. 1. The vectors have
been rescaled to unit vectors in Fig. 2, giving a better impression on the field
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directions. The equipotential lines of the scalar potential are added as guideline
for the eyes. The same was done for nearly all aller graphs.

The A fields (Figs. 3-4) are of different in angular characteristics for both
scalar spin connections. The same holds for the vector spin connections ω (Figs.
5-6). Both have a significant divergence on the X axis, which represents the XY
plane since nearly all diagrams are cuts through the XZ plane. The secondary
B fields are different in direction and radial extension. This can only be seen
in the unscaled plot, therefore this representation was chosen for Figs. 7 and 8.
The secondary current density is highly concentrated to the dipole region due
to its rapid decrease as 1/r7 and 1/r5. To see the directional characteristics, we
have chosen the unit vector representation again. Parity of J in Z direction is
different for both scalar spin connections, as is the direction in the (weak) outer
range.
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ω0 = mc2

2π~ ω0 = − c
r cos(θ)

E = p
4πε0 r5

 3XZ
3Y Z

2Z2 −X2 − Y 2

 E = p
4πε0 r5

 3XZ
3Y Z

2Z2 −X2 − Y 2


(Fig. 1/2) (Fig. 1/2)

A = − p~
2mc2ε0r5

 3XZ
3Y Z

2Z2 −X2 − Y 2

 A = − p
4πcε0 r3

 3X
−3Y

2Z2 −X2 − Y 2


(Fig. 3) (Fig. 4)

ω = − 1
r2

 5X
5Y

14Z2−X2−Y 2

3Z

 ω = − 1
r2

 3X
3Y

11Z2+2X2+2Y 2

3Z


(Fig. 5) (Fig. 6)

∇×A = 0 ∇×A = p
4πcε0 Z r3

 Y
−X

0


∇× ω = 0 ∇× ω = 0

B = −ω ×A = 2p~
mc2ε0 r5

 Y
−X

0

 B = ∇×A− ω ×A = p
2πcε0 Z r3

−YX
0


(Fig. 7) (Fig. 8)

∇ ·B = 0 ∇ ·B = 0

∇×B = − 2p~
mc2ε0 r7

 5XZ
5Y Z

2Z2 − 3X2 − 3Y 2

 ∇×B = p
πcε0 Z2 r5

X(4Z2 +X2 + Y 2)
Y (4Z2 +X2 + Y 2

Z(2Z2 −X2 − Y 2)


(Fig. 9) (Fig. 10)

Table 1: Field strength, vector potential and spin connections for a dipole field,
computed for both scalar spin connections.
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Figure 1: E dipole field, vectors not rescaled, and scalar potential.

Figure 2: E dipole field, unit vectors, and scalar potential.
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Figure 3: A field, unit vectors, first ω0.

Figure 4: A field, unit vectors, second ω0.
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Figure 5: ω field, unit vectors, first ω0.

Figure 6: ω field, unit vectors, second ω0.
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Figure 7: Secondary B field, vectors not rescaled, first ω0.

Figure 8: Secondary B field, vectors not rescaled, second ω0.
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Figure 9: Secondary current density, unit vectors, first ω0.

Figure 10: Secondary current density, unit vectors, second ω0.
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