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3 Numerical solution and graphics

We consider an example where the rotation is desribed by two mass points with a
�xed coupling of distance 2h, a so-called dumbbell-model, see Fig. 1. There is a
spherical coordinate system (θ, φ) with origin in the middle of the connection of
the two masses (red). This is the centre of mass which rotates around a central
mass (blue) with another set of spherical polar coordinates (θ1, φ1, r). The
coordinate transformation of the two masses to cartesian coordinates relative to
the centre of mass is

h1 = h

sin θ cosφsin θ sinφ
cos θ

 , h2 = −h1 (65)

and the coordinate R of the centre of mass is

R = r

sin θ1 cosφ1sin θ1 sinφ1
cos θ1

 . (66)

The Lagrange formalism requires the coordinates of both masses in the global
cartesian system:

r1 = R+ h1, (67)

r2 = R+ h2. (68)

Their kinetic energy is

Ekin =
1

2
m (ṙ1ṙ1 + ṙ2ṙ2) . (69)

For the potential energy we make an approximation which holds when the two
masses stay far from the gravitational centre which is the case for planets for
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example. Instead of using r1 and r2 we insert r, obtaining the sum of potential
energy of both masses:

Epot = −2
mMG

r
. (70)

The Lagrangian then takes the simple form

L = m
(
r2(θ̇21 + φ̇21 sin(θ1)

2) + h2(θ̇2 + φ̇2 sin(θ)2)
)
+ 2

mMG

r
(71)

and the Euler-Lagrange equations according to (34,35) for the �ve Lagrangian
variables are:

θ̈ = φ̇2 cos(θ) sin(θ), (72)

φ̈ = −2θ̇φ̇ cos(θ)

sin(θ)
, (73)

θ̈1 = −2ṙθ̇1 − φ̇1
2
r cos(θ1) sin(θ1)

r
, (74)

φ̈1 = −2rθ̇1φ̇1 cos(θ1) + 2ṙφ̇1 sin(θ1)

r sin(θ1)
, (75)

r̈ = rθ̇1
2
+ rφ̇1

2
sin(θ1)

2 − MG

r2
. (76)

Numerical solution with the Maxima code gives the results shown in Figs. 2-4.
Obviously the central coordinates (θ1, φ1, r) decouple from those local to the
dumbbell masses (θ, φ). The latter show oscillations of nutation and precession,
see Fig. 2. From the trajectory graph of the central coordinates (Fig. 3) can be
seen that θ1 stays at its initial value of π/2, i.e. the motion takes place in a plane
and is not distorted by the dumbbell. The radius oscillates between a maximum
value and the half of it, it is an elliptic orbit. Correspondingly, the azimuthal
angle φ varies with di�erent velocities, they are higher at the perihelion as is
well known from motion of planets.

In Fig. 4 the orbits of the centre of mass (blue) and one of the dumbbell
masses (red) are graphed. The central planar motion can be seen which is
overlaid with a three-dimensional oscillation of the masses. This may serve as
a simple model for the Milankowitch cycles. The latter are very slow compared
to one orbit, here we have chosen the parameters in a way that the deviations
from the ellipse can be seen easily.

As another example we solve the motion of a rotating rigid body in spherical
polar coordinates as described by Eqs. (33-35). This leads to the equations of
motion

θ̈1 =
(I2 − I1)φ̇1

2
cos(θ1) sin(θ1)

I3
, (77)

φ̈1 = −2(I2 − I1)θ̇1φ̇1 cos(θ1) sin(θ1)

I1 cos(θ1)2 + I2 sin(θ1)2
. (78)

It is seen that these equations transform to free motion in the case I1 = I2,
i.e. the right hand sides become zero. A symmetric top rotates with constant
angular velocity. The equations have been solved for I1 = 1, I2 = 1.5, I3 = 2.5
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and the solutions are graphed in Fig. 5. The polar angle θ describes a nutation
and φ increases irregularly. The reason is the oscillating behaviour of the angular
velocity vector ω whose components are graphed in Fig. 6. The modulus of ω
is not constant, this is not a constant of motion.

Figure 1: The rotating dumbbell model with coordinates.
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Figure 2: Rotating dumbbell, trajectories θ(t) φ(t).

Figure 3: Motion of centre of mass, trajectories θ1(t), φ1(t), r(t).
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Figure 4: Orbit of the centre of mass (blue) and one dumbbell mass (red).

Figure 5: Rotating rigid body, trajectories θ1(t) φ1(t) in spherical coordinates.
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Figure 6: Rotating rigid body, angular velocities ω1,2,3 and modulus of ω.
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