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ABSTRACT 

The analytical mechanics of the gyroscope are worked out exactly with a 

numerical method, and applied to the demonstration by Laithwaite that a gyroscope held at 

arm's length above the surface of the earth appears to be weightless. The solution is worked 

out in terms of torques in the laboratory frame (X, Y, Z) and the frame of the principal 

moments of inertia ( 1, 2, 3 ). The extra effects of the convective derivative of ECE2 theory 

are discussed. 
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1. INTRODUCTION 

The preceding paper initiated the development of the well known { 1 - 12} 

analytical mechanics of a gyroscope with the aim of explaining a replicated experiment by 

Laithwaite in which it was demonstrated that a spinning wheel held at arms length on a 

horizontal axis above the earth's surface appears to be weightless. In Section 2 the problem is 

analyzed in terms ofthree Euler Lagrange equations in the three Euler angles. These are three 

simultaneous differential equations which are solved numerically to give the complete 

analytical mechanics of the gyroscope. The method considers any laboratory frame torque 

applied to the gyroscope. 

This paper is a brief synopsis of detailed calculations found in the notes 

accompanying UFT368 on www.aias.us. These notes should be read with the paper. Note 

3 68(1) describes constants of motion for the motion of the centre of mass ofthe gyroscope. 

Notes 368(2) to 368(5) consider anew the example of a symmetric top with one point fixed, 

first considered by Lagrange in "Mecanique Analytique" (1811 and 1815). Notes 368(6) to 

368(8) are the basis for Section 2 and provide a complete solution to the problem using the 

program Maxima combined with analysis. The Laithwaite experiment is an example of the 

complete solution. 

2. DEFINITION AND SOLUTION OF THE PROBLEM. 

Consider the definition of the torque in analytical mechanics (classical dynamics): 

\l:\J ~ (~ ' ~ ( 1_ t- ~ _)<. '=) - (,) 
- ('#l.) o\}: ) l#l) . . ~ (\J3) 

Here L is the angular momentum and the subscript 123 denotes the frame defined by the -
principal moments of inertia ofthe gyroscope. The laboratory frame is denoted (X, Y, Z). The 



well known Euler equations follow from Eq. (1): \ 
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Here W,) GJ~ 
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CJ3 are the principal angular velocities in frame (L 2, 3) and where I\,~ 
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and I J are the three principal moments of inertia of the gyroscope. In terms of the well 

known Euler angles e ) f J ;o {1-12}: • 
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so if for example: 

then: 



and so on. 
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The lagrangian of the gyroscope was first defined by Lagrange in "Mecanique 

Analytique" in 1811 and 1815: 

\- u 
where the kinetic energy is: 
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and the potential energy is 
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The mass of the gyroscope ism, g is the magnitude ofthe acceleration due to gravity, and his 

the constant distance between the origin and the centre of mass. The origins of frames ( 1, 2, 

3) and (X, Y, Z) coincide. The gyroscope is considered to be a symmetric top, so two 

moments of inertia are the same and denoted by: · 



The three Euler Lagrange equations in the three Euler angles are: 
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The Euler Lagrange equation ( \ '\) gives the result: 
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Eqs. ( Jk ), ( l\ ) and ( l ~ ) are three simultaneous differential equations which must 

be solved to give the trajectories of the three Euler angl_es. This solution is carried out 

numerically and without approximation in this paper using Maxima. The results are graphed 

in Section 3 and show well defined nutation and precession. This appears to be the first time 

that an exact solution of gyroscope dynamics has been found. All previous solutions, 

including that of Lagrange, are necessarily approximate, because the motion of the gyroscope 

is very intricate. 

Therefore the three torque components of frame ( 1, 2, 3) can be found from the 
• • • •• •• •• 

trajectories of the Euler angles and from e J f I 1 J 8 ) t ) 1 . This 

calculation is carried out by computer algebra. It is not possible by hand beca. e of the 

complexity of the problem. The complete solution reveals features of gyroscope motion 

which are hitherto unknown. 

The complete moving frame torque is: 
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1 
8.-3 are unit vectors in the (1, 2, 3) frame. The torque in the 

laboratory frame is: 
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and the two torques are related by Eq. ( 1._ ). We consider F to be the force of gravity on -
the centre of mass of the gyroscope: 

In general: 
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In the symmetric top with one point fixed: 
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Therefore: 

The force of gravitation is attractive and negative valued: & 
f -=- V\-.a... !_ -=- - l'hm- ') 
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where M is the mass ofthe earth and R is its radius. Therefore: 

In the gyroscope the force of gravity is countered by the positive valued force 

magnitude: 
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Other laboratory frame torques can be considered in this problem, for example an 

applied mechanical torque that results in an additional force in the positive k direction ofthe -
laboratory frame, and also the convective torque of ECE2 theory: 
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which acts in the laboratory frame and which is a small vacuum correction, the vacuum being 

considered to be a fluid. 

3. NUMERICAL SOLUTION AND GRAPHICAL ANALYSIS. 

(Section by Dr Horst Eckardt) 
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